This paper discusses extensions of the implied diffusion approach of Dupire (1994) to asset processes with Poisson jumps. We show that this extension yields important model improvements, particularly in the dynamics of the implied volatility surface. The paper derives a forward PIDE (Partial Integro-Differential Equation) and demonstrates how this equation can be used to fit the model to European option prices. For numerical pricing of general contingent claims, we develop an ADI finite difference method that is shown to be unconditionally stable and, if combined with Fast Fourier Transform methods, computationally efficient. The paper contains several detailed examples from the S&P500 market.
Introduction.
The standard Black-Scholes (1973) assumption of log-normal stock diffusion with constant volatility is, as all market participants are keenly aware of, flawed. To equate the Black-Scholes formula with quoted prices of European calls and puts, it is thus generally necessary to use different volatilities (so-called implied volatilities) for different option strikes (K) and maturities (T). The phenomenon is often referred to as the volatility skew or smile (depending on the shape of the mapping of implied volatility as a function of K and T) and exists in all major stock index markets today. Before the crash of 1987, the S&P500 volatilities, for instance, formed a "smile" pattern, where deeply in-or out-of-themoney options were characterized by higher volatilities than at-the-money options. The post-crash shape of S&P500 implied volatilities, on the other hand, more resembles a "skew" (or "sneer"), where implied volatilities decrease monotonically with increasing strikes. Typically, the steepness of the skew decreases with increasing option maturities. The existence of the skew is often attributed to fear of large downward market movements (sometimes known as "crash-o-phobia").
Extensions of the Black-Scholes model that capture the existence of volatility smiles can, broadly speaking, be grouped in three approaches. In the stochastic volatility approach (see, for instance, Heston (1993) , Stein and Stein (1991) , and Hull and White (1987) ), the volatility of the stock is assumed to be a mean reverting diffusion process, typically correlated with the stock process itself. Depending on the correlation and the parameters of the volatility process, a variety of volatility skews and smiles can be generated in this model. Empirical evidence from time-series analysis generally shows some evidence of stochastic volatility in stock prices (see e.g. Andersen et al (1999) for a review and many references). However, in order to generate implied Black-Scholes volatility skews in a stochastic volatility model that are consistent with those observed in traded options, often unrealistically high negative correlation between the stock index and volatility is required. Also, from a computational perspective, stochastic volatility models are complicated to handle as they are true multi-factor models; as such, one would typically need multi-dimensional lattices to evaluate, say, American options. We also notice that stochastic volatility models do not allow for perfect option hedging by dynamic positions in the stock and the money market account (which in absence of other traded contracts form an incomplete market).
Another approach, originally suggested by Merton (1976) , generates volatility skews and smiles by adding discontinuous (Poisson) jumps to the Black-Scholes diffusion dynamics. Again, by choosing the parameters of the jump process appropriately, this socalled jump-diffusion model can generate a multitude of volatility smiles and skews. In particular, by setting the mean of the jump process to be negative, steep short-term skews (which are typical in practice) are easily captured in this framework. Indeed, several authors (e.g. Das and Foresi (1996) , Bates (1996) , and Bakshi et al (1997) ) point out the importance of a jump component when pricing options close to maturity. Like stochastic volatility models, jump-diffusion models are challenging to handle numerically (an issue we shall spend considerable time on in this paper) and result in stocks and bonds forming an incomplete market 1 . Some papers dealing with either empirical or theoretical issues related to jump-diffusion models include Ait-Sahalia et al (1998) , Andersen et al (1999) , Ball and Torous (1985) , Bates (1991) , Duffie et al (1998) , and Laurent and Leisen (1998) .
The third approach to volatility smile modeling retains the pure one-factor diffusion framework of the Black-Scholes model, but extends it by allowing the stock volatility be a deterministic function of time and the stock price. This so-called deterministic volatility function (DVF) approach was pioneered by Dupire (1994) , Derman and Kani (1994) , and Rubinstein (1994) , and has subsequently been extended or improved by many authors, including Andersen and Brotherton-Ratcliffe (1998) , Andreasen (1997) , Lagnado and Osher (1997) , Brown and Toft (1996) , Jackwerth (1996) , Chriss (1996) , and many others. The DVF approach has enjoyed a certain popularity with practitioners, at least partly because of its simplicity and the fact that it conveniently retains the market completeness of the Black-Scholes model. Moreover, the existence of a forward equation that describes the evolution of call option prices as functions of maturity and strike makes it possible to express the unknown volatility function directly in terms of known option prices. This again allows for efficient non-parametric fitting of the volatility function and, in principle at least, a precise fit to quoted market prices. In contrast, stochastic volatility models and jump-diffusion models are normally parameterized in a few parameters and consequently subject to fitting errors that often are unacceptably large. While convenient, the DVF model unfortunately suffers from several serious drawbacks. For one, the mechanism by which the volatility smile is incorporated is clearly not realistic --few market participants would seriously attribute the existence of the volatility smile solely to time-and stock-dependent volatility. Indeed, there is much empirical literature rejecting DVF models and their implications for hedging and market completeness (e.g. Ait-Sahalia et al (1998) , Andersen et al (1999) , Buraschi and Jackwerth (1998) , and Dumas et al (1997) ). The weak empirical evidence is not surprising, as the DVF framework typically results in strongly non-stationary implied volatilities, often predicting that the skew of implied volatilities will vanish in the near future. In practice, however, volatility skews appear quite stationary through time. Moreover, to fit DVF models to the often quite steep short-term skew, the fitted implied volatility function must be contorted in quite dramatic (and not very convincing) fashion. This has implications not only for the pricing of exotics options, but also affects the hedge parameters for standard European options.
As discussed in the empirical studies by Andersen et al (1999) , Bates (1996) , and Bakshi et al (1997) , the most reasonable model of stock prices would likely include both stochastic volatility and jump diffusion (as in the models by Bates (1996) and Duffie et al (1999) ). From the perspective of the financial engineer, such a model would, however, not necessarily be very attractive as it would be difficult to handle numerically and slow to calibrate accurately to quoted prices. Rather than working with such a "complete" model, this paper more modestly assumes that stock dynamics can be described by a jump diffusion process where the diffusion volatility is of the DVF-type. As we will show, this combines the best of the two approaches: ease of modeling steep short-term volatility skews (jumps) and accurate fitting to quoted option prices (DVF diffusion). In particular, by letting the jump-part of the process dynamics explain a significant part of the volatility smile/skew, we generally obtain a "reasonable", stable DVF function, without the extreme short-term variation typical of the pure diffusion approach. Empirical support for the process used in this paper can be found in Ait-Sahalia et al (1998) .
The rest of this paper is organized as follows. In section 2 we outline our process assumptions and develop a general forward PIDE describing the evolution of European call options as functions of strike and maturity. Paying special attention to the case of lognormal jumps, this section also discusses the applications of the forward PIDE to the problem of fitting the stock process to observable option prices. Section 3 illustrates the proposed techniques by applying them to the S&P500 market. The section also contains a brief general equilibrium analysis that provides a link between the risk-neutral and objective probability measures, allowing us to sanity check our estimated risk-neutral S&P500 process parameters. In section 4 we turn to the development of efficient finite difference methods that allow for general option pricing under the jump-diffusion processes used in this paper. We also discuss the application of Monte Carlo methods. The pricing algorithms are tested in Section 5 on both European and exotic options. Section 5 also attempts to quantify the impact of stock price jumps on certain exotic option contracts. Finally, Section 6 contains the conclusions of the paper.
Forward equations for European call options.

General framework.
Consider a stock S affected by two sources of uncertainty: a standard onedimensional Brownian motion W(t), and a Poisson counting process π ( ) t with deterministic jump intensity λ( ) t . Specifically, we will assume that the risk-neutral evolution 2 of S is given by 3 :
dS t S t r t q t t m t dt t S t dW t J t d t
where { ( )} J t t ≥0 is a sequence of positive, independent stochastic variables with, at most, time-dependent density ζ ( ; ) ⋅ t . Also in (1), σ is a bounded time-and state-dependent local volatility function; m is a deterministic function given by m t E J t ( ) [ ( ) ] ≡ − 1 ; and r and q are the deterministic risk-free interest rate and dividend yield, respectively. We assume that π , W, and J are all independent. In (1), t − is the usual notation for the limit
Under (1), the stock price dynamics consist of geometric Brownian motion with state-dependent volatility, overlaid with random jumps of random magnitude S(1-J). Notice that when the jump probability λ approaches 0, (1) becomes identical to the diffusion dynamics assumed in most previous work on volatility smiles (e.g. Dupire (1994) , Rubinstein (1994) , Derman and Kani (1994) , Brotherton-Ratcliffe (1998), and Andreasen (1997) 
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subject to appropriate boundary conditions for F T S ( , ). In (2), subscripts are used to denote partial differentiation (so F t equals ∂ ∂ F t / , and so on). In (2), r and q can be deduced from quoted stock forwards and bond prices. We wish to derive the remaining terms in (2) from prices C t S T K ( , ; , ) of European call options 4 , spanning all maturities T and strikes K. To this end, consider the following proposition:
Proposition 1: When S evolves according to (1), a European call option C t S T K ( , ; , ) satisfies the forward PIDE equation 
where ζ ' is a Radon-Nikodym transformed density given by ζ ζ
Proof:
The proof is based on an application of the Tanaka-Meyer extension of Ito's lemma. See Appendix for details.
While not necessary for our purposes, we point out that it is also possible to extend (4) to the case where volatility is stochastic 5 . While our proof of (4) uses the Tanaka formula, independent work of Pappalardo (1996) demonstrates that the forward equation can also be constructed by integrating a jump-adjusted Fokker-Planck equation 6 .
In its most general form, equation (4) contains too many degrees of freedom to allow for a unique process (1) consistent with quoted call option prices. For practical applications, it is thus necessary to restrict, through parameterization, some of the terms in (4). For instance, we could parameterize the local volatility function (σ ) directly and attempt to construct the jump density ζ by solving the resulting series of inhomogeneous integral equations. As the resulting equations belong to the class of Fredholm equations of the first kind, their solution is, however, quite involved and would likely require regularization and use of a priori information (see e.g. Press et al (1992) , Chapter 18). Instead, we prefer to parameterize the jump process and imply (non-parametrically) the local volatility function σ . We will discuss this technique in the following section.
2.2. The case of state-dependent local volatility and log-normal jumps.
As in Merton (1976) , we now assume that the jump intensity λ is constant and that lnJ is normally distributed with constant mean µ and variance γ 2 , such that
2 . We will assume that the constant parameters µ γ λ , , are all known, either from a historical analysis, or, as discussed further in Section 3, from a bestfit procedure applied to quoted option prices. To conveniently remove the dependence on r and q, introduce
is the time t forward price of S delivered at time u. We note that, by standard theory,
From Proposition 1, (6) and the assumption of log-normal jumps gives the forward PIDE
0. (7) where λ λ
, ϕ is a standard Gaussian density, and
. It is clear that if we know the function C t S T K ( , ; , ) and its derivatives for all T and K, then we can construct the local volatility function σ directly from (6)- (7) 7 . In reality, however, only a limited set of call prices C t S T K ( , ; , ) is quoted in the market, making the inverse problem ill-posed. A variety of regularization techniques can be applied to overcome this problem, the simplest of which involves sufficiently smooth interpolation and extrapolation of known data (see e.g. Brotherton-Ratcliffe (1998), and Andreasen (1997) ). This technique, which effectively extends the input price set to cover all values of K and T, will also be employed in this paper
8 . An alternative approach assumes a specific form of the local volatility function (e.g. a spline as in Jackson et al (1999) and Coleman et al (1999) ) and finds an optimal 9 fit to quoted option prices by large-scale iterative methods. The existence of a forward equation (1) significantly improves the speed of such methods, as option prices with different strikes and maturities can be priced in a single finite difference grid 10 . Other iterative approaches along these lines can be found, for example, in Lagnado and Osher (1997) and Avallaneda et al (1996) . As a general comment, we point out that iterative methods that are feasible in a pure diffusion setting may become prohibitively slow for jump-diffusions due to the presence of integrals in the forward and backward equations. To improve speed, one can imagine replacing the nonparametric specification of the local volatility function with a parametric form and combining this with "bootstrapping" of the forward equation; we will briefly discuss such a technique in Section 2.3.
To proceed, we first wish to transform (7) into an equation involving implied volatilities rather than call prices. The former is normally much "flatter" as a function of K and T than the latter and significantly simplifies interpolation and extrapolation procedures. For the special case of s u x u s ( , ( )) $ = where $ s is a constant, we know from Merton (1976) 
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In (8) 
where the right-hand side is observed in the market 12 . Equations (7) and (9) allow us to express the local volatility s T k ( , ) as a function of implied Merton volatility $( , ) s T k :
Follows from insertion of (9) into (7) and a few manipulations.
We notice that when $( , ) s T k is constant and equal to g, say,
Proposition 2 reduces to
a result that can be verified by direct computation and will be useful in the following. Also notice that when λ → 0 , Proposition 2 reduces to 
which is a known expression for the jump-free case (see BrothertonRatcliffe (1998), or Andreasen (1997) ). The infinite series in Proposition 2 are all well-behaved and typically require the evaluation of less than 5-6 terms before sufficient accuracy is achieved. For the result in Proposition 2 to be useful in practice, we only need efficient methods of computing the integral term 
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and can now write
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where we have used (10). We are now left with the problem of computing numerically
which can be interpreted as convolution ξ ϕ * of the two functions ξ and ϕ . This suggests the introduction of discrete Fourier transform (DFT) methods. Specifically, assume that we are interested in evaluating c T ( , ) ω as a function of ω on an equidistant grid ω ω
, where N is an even number and ∆ some positive constant. We will assume that the grid is wide enough to ensure that ξ ω ( ; , ) 0 t T and ξ ω ( ; , )
are close to zero 13 . Writing ξ ω ξ
can be approximated by
where we account for negative indices by assuming that both ξ and ϕ are periodic with period N (a necessary assumption in DFT). The summation in (12) is, conveniently, the definition of the convolution operator in the theory of DFT. Using ⋅ to denote discrete Fourier transforms, it is well-known that
where the index i runs over N different frequencies. ϕ can be constructed analytically (the Fourier transform of a Gaussian density is another Gaussian density), whereas ξ can be computed efficiently using Fast 
A parametric bootstrapping technique.
While the approach discussed in the previous section is very fast, it relies quite heavily on inter-and extrapolation methods and on input prices being smooth and regular. To make this method work, it is generally necessary to pre-condition market quotes carefully, as will be discussed in detail in the next section. Before proceeding to this, we will briefly discuss a more robust bootstrapping that works with a discrete set of option prices. Suppose in particular that we want hit a range of option prices with the maturities:
First, we choose a distribution of the jumps. As in the previous section, one could for example assume that J is log-normal with best-fitted parameters µ λ γ , , .
let the local volatility be given by σ ( , ) ( ; ) t S g S i = a where g is some function defined by its parameter vector a i . Starting with i = 0 we now repeatedly solve (7) over the interval ] , ]
T T i i +1 for changing values of the parameters a i , until an optimal fit to the observed option prices is obtained. A good choice for updating the parameter vector a i is the Levenberg-Marquardt routine described in Press et al (1992) . Once the optimal a i is found we proceed to the next time step. If we wish to find a perfect fit to the observed option prices each parameter vector a i must have a dimension that is at least as high as the number of quoted option prices with maturity T i +1 .
One would think that the updating and the numerical solution of the PIDEs would prohibit the practical application of this algorithm, but this is not the case. Using the numerical PIDE solution algorithm that we present below we are typically able to fit to a 10 10 × grid of observed option prices in about 15 seconds on a Pentium PC.
3. Fitting the local volatility function: an example from the S&P500 market.
In this section we illustrate the theory of the previous section by an example based on data from the S&P500 index. We will use the method outlined in Section 2.2 and consequently assume that jumps are log-normal with constant parameters ( µ γ λ , , ). In April 1999, the bid-offer implied Black-Scholes volatilities of European call options on the S&P500 index were as shown in Table 1 . With a constant interest rate of r = 559% . and a constant dividend yield of q = 114% . the bid-offer spreads correspond to bid and offer option price spreads from mid as given in the second column of Table 1 .
Jump parameter fitting.
To determine the jump parameters, we first do a best fit (in a least-squares sense) of the Merton model (8) Measured in terms of implied Black-Scholes volatilities, the total RMS error in the fit to the options is Table 2 is 0.014 with the largest difference for any option being 0.037. Interestingly, the best-fit continuous volatility σ is close to what one obtains by timeseries estimation on historical S&P500 data (for instance, using the past 10 year's time- Market bid and offer implied volatilities for the S&P 500 index. Strikes (K) are in percentage of initial spot and maturities (T) are measured in years. The second column reports approximate option price bid and ask spreads from mid in basis points (1/100 of pct) of the spot index value. Volatilities are expressed in percent. Blank cells mean that the are no observations for that particular maturity and strike. The interest rate and dividend yield are 5.59% and 1.14%, respectively.
series of daily S&P500 returns we get a historical volatility of approximately 15.0%). The mean jump in return is m = −54 54% . . This number, and the estimated jump intensity λ , are higher than what one would expect from time-series data, and either indicate that the market currently perceives the chance of a big crash to be higher than normal or, more likely, that the jump parameters include significant elements of risk aversion ("market price of risk"). Indeed, all parameters above are estimated in the market risk-neutral measure, and, with the exception of the diffusion volatility, do not generally equal the objective ("historical") parameters. The relationship between the risk-neutral and objective probability measures is governed by the jump-extended Girsanov Theorem (see Bjorck et al 1997) . Working in a general equilibrium framework, the link between the two probability measures can be characterized in terms of the utility of a representative agent. Section 3.3 contains a brief analysis along these lines, and demonstrates that the parameters estimated above are actually quite reasonable.
Local volatility fitting.
To construct a local volatility surface that fits the input volatilities of Table 1 , we first convert the bid and offer implied volatilities of Table 1 into a grid of implied Merton volatilities (as in (9)). We then generate a smooth surface of these volatilities that lies inside the bid and offer spread, and extrapolate to the unobservable corners of the volatility grid. The smoothing/extrapolation procedure used is described in detail in Andreasen (1997) ; it involves numerically solving an optimization problem with quadratic objective function and linear constraints. The resulting grid of Merton volatilities is given in Table 2 . As expected from the relatively tight fit of the constant-volatility Merton model, the implied Merton volatilities are fairly, though not perfectly, flat.
The Merton volatilities can now be interpolated and extrapolated in ( , ) T k space, as discussed in Andersen and Brotherton-Ratcliffe (1998) . Here we use a two-dimensional tensor-spline (Dierckx (1995) ) which guarantees smoothness in both T-and k-directions, and conveniently allows for closed-form computations of the derivatives needed in the formula in Proposition 2. Figure 1 shows the resulting instantaneous local volatilities σ ( , ) t S . The local volatility surface is, essentially, U-shaped and quite stationary through time. For comparison, Figure 2 shows the local volatilities obtained by fitting a pure diffusion (DVF) model to the data in Table 1 . Not surprisingly, Figure 2 shows that the local volatilities of the DVF model needs to be steep and highly non-stationary in order to fit the S&P500 data. The impact of this non-stationarity on option prices will be examined in Section 5. Local volatilities for jump-diffusion model when fitted to S&P500 option prices. First axis is future spot relative to current spot and second axis is time in years. The local volatilities are generated on a 150x256 grid. Jump parameters are λ µ γ = = − = 8 90%, 88 98%, 45 05% . . . . The interest rate and dividend yield are 5.59% and 1.14%, respectively.
General equilibrium analysis.
As discussed earlier, the jump parameters listed in Section 3.1 are estimated under the risk-neutral probability measure. To gauge whether the parameters are reasonable, we here briefly wish to demonstrate that our extreme-appearing parameter values are in fact not inconsistent with general equilibrium theory. Indeed, it is well-known that economic theory that moving from the objective probability measure to the risk-neutral probability measure results in higher jump intensity, lower mean jump, and unchanged continuous volatility. The latter is required is, of course, required for the two probability measures to be equivalent and consitutes a necessary condition for absence of arbitrage.
One can use the analysis in Naik and Lee (1990) to deduce that if the market has a representative agent that maximizes expected additive separable power utility of future consumption, then the risk-neutral parameters of the jump-diffusion model are linked to the historical parameters through the relations These parameters are quite close to our implied risk-neutral jump parameters indicating that the "best-fit" solution is indeed a good fit. Naik and Lee's analysis shows that the equilibrium expected excess return of the stock over the risk-free rate is given by . , . and our implied riskneutral jump parameters combined with our best-fit relative risk-aversion we get an expected excess return of around 11.9%, which again is not inconsistent with empirical data.
Numerical methods for option pricing in the jump-diffusion model.
So far we have spent most of our efforts calibrating the jump-diffusion model to the market for European call options. For our model to be useful in practice, we need to consider numerical methods to efficiently price general contingent claims satisfying the backward PIDE (2). A related problem is the numerical solution of the forward equation (4) or (7), which would typically be required in iterative calibration methods (see discussion in Sections 2.2 and 2.3).
Very little material has been published in the finance literature on numerical methods for PIDEs of the type occurring in jump-diffusion models. A few exceptions include Amin (1993) , Zhang (1993) , and Andreasen and Gruenewald (1996) . The methods suggested in the two first papers are essentially multinomial trees, i.e. explicit methods. Explicit methods generally suffer from instability problems as well as poor convergence in the time-domain. As is well-known from the finite difference literature, implicit methods typically exhibit better precision, convergence and stability properties than explicit methods and are preferable for option pricing problems. The paper by Andreasen and Gruenewald presents such an implicit method that solves the pricing PIDE on a single Crank-Nicholson finite difference grid, with each time-step involving the inversion of a non-sparse matrix. In the constant-parameter setting of Andreasen and Gruenewald, the matrix inversion turns out to be computationally feasible. In our setting with time-and price-dependent volatility functions, another approach is needed. In the following subsection we describe an accurate and efficient solution technique that can be used under our model assumptions.
Figure 2: DVF Local Volatilities for the S&P500 Index, April 1999
Local volatilities for pure diffusion model when fitted to S&P500 option prices. First axis is future spot relative to current spot and second axis is time in years. The local volatilities are generated on a 150x256 grid. The interest rate and dividend yield are 5.59% and 1.14%, respectively.
The FFT-ADI finite difference method.
We first notice that after appropriate logarithmic transformations the PIDEs considered so far in this paper ( (2), (4), and (7)) can all be written in the form: 
is a density function, and r r t a a t x b b t x t
and using the convolution operator * we can write (13) in the more compact form
Interpreting F t F t ( ) ( , ) = ⋅ we can discretize (14) in the time-dimension as follows 0 1 1 1
where θ θ 
There are various ways of arranging (16) In our experience, the best numerical solution method is an ADI (Alternating Directions Implicit) method where each time-step in the grid is split into two half-steps. For the first half-step we set θ θ
, which gives us
In a discrete grid this can be solved by first computing the convolution ς * ( ) F t t + ∆ in discrete Fourier space, where
If we observe that ς only needs to be computed once, the computational cost associated with the convolution part of (17a) . We further note that the discrete version of the differential operator D is a tri-diagonal matrix. Consequently, once the RHS of (17a) is obtained by FFT methods, then the system (17a) can be solved at a cost of O N ( ) . Hence, the total cost of solving (17a) 
For the second half-step we set θ θ
, now take the Fourier transform of (17b) to arrive at
We can now transform the equation back to obtain F t ( ) . All in all this requires one tridiagonal matrix multiplication, one FFT and one inverse FFT, i.e. a procedure with a computational burden of O N N ( log ) 2 . To formally specify the discrete scheme described in (17a-b) we define the operators
We can then write the discrete version of (17a-b) as
The following proposition describes some important properties of the scheme (19a-b).
Proposition 3
The following properties hold for the scheme (19a-b) : 
Refinements
While the scheme described by (19a-b) is attractive in that it is unconditionally stable and only requires O N N ( log ) 2 operations per time step, a direct application suffers from certain drawbacks. Specifically, accurate representation of the convolution integral will generally require a very wide grid. Since the FFT algorithm only accepts uniform step length in the x-direction, the precision of the numerical solution in areas of interest might suffer. To overcome this, we here define an algorithm that assumes linearity of the option price outside a grid of size equal to a number of standard deviations of the underlying process. The linear part can conveniently be solved in closed-form 15 whereas the inner grid is solved using the FFT-ADI-algorithm described in (19a-b) above.
We split the function in two parts:
,
If we assume that H is linear in e x we can write 
H t x g t e h t g t e h t
where Pr( ) ⋅ denotes probability under the distribution defined by ς and Pr' ( ) ⋅ denotes probability under the distribution described by the Radon-Nikodym transformed density: g. In the Merton (1976) case of log-normal jumps these probabilities can be computed in closed-form as Gaussian distribution functions. If the distribution of the jumps is non-parametric, the probabilities can be calculated by simple numerical integration over the densities ς ς , ' . We now get the following system 2 2 2
where terms 
subject to the same boundary conditions as (13). Over a discrete time-step (22) has the closed-form solution
f t x e f t t x r t q t t r t
( , ) , , , , . The scheme described above scheme can be used for most applications, including barrier options and options with Bermudan or American style exercise.
A Numerical Example
In this section we give a quick example of the practical performance of the method that has been outlined in the previous section. Table 3 below compares Merton's (1976) exact formula for European puts and calls (equation (8)) with the prices generated by the algorithm (19a-b) , refined as discussed in the previous section. To stress the algorithm, the jump parameters have been set to fairly extreme values:
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The number of time steps is set to half the number of x-steps. Also, due to the usage of the FFT algorithm, the number of x-steps have been set to multiples of 2. Table 3 also lists CPU times and the experimental convergence order of the method, the latter computed as the average slope of a log-log plot of absolute error against the time step. It is clear form the table that the convergence of the algorithm is smooth and approximately of order 2 in the number of time-and x-steps -a little higher for short-dated options and a little lower for long-dated options. This experimentally confirms the second statement of Proposition 3. In order to obtain accuracy to one basis point, Table 3 shows that generally 512 steps in the x-direction are necessary. CPU time for such a calculation is less than 1 second on a 400 MHz Pentium PC. 
Monte Carlo simulation.
The finite-difference method outlined in the previous sections is primarily useful for options with mild path-dependency (such as American options and barrier options), but is difficult to apply to options than depend more strongly on the path of the underlying stock. For such options, Monte Carlo simulation methods are generally useful (see Boyle et al (1997) for a good review). Once the methods in Section 3 have been applied to determine the local volatility function, the SDE (1) can be simulated directly in an Euler scheme. For each time step one would determine whether there is a jump or not by randomizing over the jump probability ( λ∆t ) and then subsequently randomize over the jump distribution to determine the size of the jump. This procedure, however, is computationally inferior to other methods that explicitly exploit the independence of the jumps and the Brownian motion. One such procedure is described below 17 . Let { } , , τ j j =1 2 K be the arrival times of the Poisson process π . We know that For each path we wish to simulate we use this to draw the arrival times for the particular path up to our time horizon that we are considering. We then construct an increasing simulation time line that includes the jump times and our time horizon, say { } , , t i i =0 1 K . The price process is now simulated as 
x t u m u du t x t t t t x t t t t J t
and { ( )} , ε t i i =0 K is a sequence of independent standard normal random variables, and { ( )} , , J j j τ =1 2 K is a sequence of independent random variables drawn according to the marginal distributions { ( ; )} , , ς τ j j ⋅ =1 2 K .
The simulation scheme described by (24) is O t ( ) ∆ convergent to the true stochastic differential equation and ensures that simulated stock prices have expectations equal to their forwards. Higher order accuracy simulation schemes can be constructed using the Taylor-expansion techniques described in Kloeden and Platen (1992) .
Option Pricing: Numerical Tests.
In this section we will combine the calibration results from Section 3 with the pricing algorithm of Section 4. First, we investigate what evolution of the volatility smile is implied in the model. Second, we price a range of standard option contracts. Throughout, we compare the results of the jump-diffusion model to the results of the DVF model. Both the DVF and jump-diffusion calibrations were tested for accuracy by numerically pricing all call options in the input set (Table 1) ; in all cases, the computed prices were within the bid-offer spreads.
Evolution of volatility skew.
To illustrate the differences between the pure diffusion model and the jumpdiffusion model, it is illuminating to investigate the volatility skews that the two models generate at future dates and stock price levels. In Table 4 we show the implied BlackScholes volatilities for 1-year call options at different times and future levels of the underlying index in the jump-diffusion model. Table 4 shows that the volatility skew of the jump-diffusion model is surprisingly stable over time and stock price levels. This is not the case for the fitted DVF model, as is obvious from Table 5 below. In particular, we notice that the future implied volatility skews of the fitted pure diffusion model are highly non-stationary and tend to flatten out as time progresses. In a few cases, the implied volatility surface even turns into a smile or otherwise becomes non-monotonic in the strike. Future implied volatility skews in the jump-diffusion model fitted to S&P data. The implied Black-Scholes volatilities are for 1-year options. The first column reports the time in years. For each of the three stock price levels, strikes are reported in percent of the stock price level.
Prices of exotic options.
The different evolution of the implied volatility skew in the jump-diffusion and DVF models obviously will have consequences for the pricing of exotic options that, unlike European puts and calls, depend on the full dynamics of the stock price, rather than just the distribution at a single point in time. Options that fall in this category include compound options and barrier options, but also most near-"vanilla" contracts, including American/Bermudan options, forward starting options, and Asian options. Table 6 below report the prices of some of these contracts in the jump-diffusion and DVF models fitted to the S&P500 data in Section 3.
It is obvious from the results in Table 6 that the jump-diffusion and DVF models return significantly different prices for Bermudan and forward starting options, and that this difference grows as the maturity is increased. The differences in the Asian option prices are smaller but still significant. Future implied volatility skews in the pure diffusion (DVF) model fitted to S&P data. The implied BlackScholes volatilities are for 1-year options. The first column reports the time in years. For each of the three stock price levels, strikes are reported in percent of the stock price level.
Conclusion.
This paper has presented a framework for adding Poisson jumps to the standard DVF (Deterministic Volatility Function) diffusion models of stock price evolution. We have developed a forward PIDE (Partial Integro-Differential Equation) for the evolution of call option prices as functions of strike and maturity, and shown how this equation can be used in an efficient calibration to market quoted option prices. To employ the calibrated model to pricing of various exotic options, we have developed an efficient ADI (Alternating Direction Implicit) finite-difference technique with attractive stability and convergence properties.
Applying our calibration algorithm to the S&P500 market results in a largely constant diffusion volatility overlaid with a significant jump component. For the S&P500 market, we find diffusion volatilities around 15-20% and, working in the risk-neutral probability measure, a 9% (annual) chance of an index drop averaging around 50%. While at year 4. The Bermudan option prices are the prices of put options with a strike of 80% of initial spot, with the right to exercise once every month. The Asian call prices refer to the prices of 120% strike call options on the arithmetic monthly average. Forward starting and Asian option prices were computed from 100,000 simulations. The simulation standard error is everywhere less than 1% of the option price. The Bermudan option prices were computed using the FFT-ADI method on a grid of size 128x256.
it is possible that the market objectively assigns such high probabilities of large crashesafter all, many market participants are currently hotly debating the existence of a bubble in Internet stocks -the fairly extreme values of the risk-neutral jump parameters more likely reflects risk premium relative to historical parameters. Indeed, a general equlibrium analysis reveals that the historical jump process implied by the risk-neutral jump parameters is quite reasonable. In any case, numerically fitting a jump-diffusion model to the S&P500 market is both easier and more robust than fitting a DVF model: lacking the jump component to handle the significant short-term skew in S&P500 volatilities, the latter model requires very steep and highly time-dependent local volatilities to match market prices.
As the paper demonstrates, the evolution of the volatility smile in a DVF model fitted to S&P500 data is highly non-stationary and often counterintuitive. The jumpdiffusion model, on the other hand, produces almost perfect stationary S&P500 volatility skews. Despite giving virtually identical prices for European options, the two models differ significantly in their pricing of a range of standard exotic option contracts.
While this paper has primarily focused on stocks, we point out that the methodology employed here works equally well for FX rates. As most FX markets exhibit volatility smiles, rather than skews, calibration to such market will typically result in much less directional jump processes, with the mean jump being much closer to 0 than was the case for stocks. another geometric argument demonstrates that also | ( )| B k ≤ 1 for all k . In total, we conclude that the scheme is unconditionally stable.
Turning to the issue of precision, we first note that These two properties together with the fact that, in the case of deterministic parameters, the operators D and ς * commute imply that we can write + .
Endnotes.
1 The degree of incompleteness is higher in a jump-diffusion model than in a stochastic volatility model. Whereas stochastic volatility models can be made complete by the introduction of one (or a few) traded options, a jump-diffusion model typically requires the existence of a continuum of options for the market to be complete.
2
As discussed in Section 1, the risk-neutral measure is not necessarily unique for jump-diffusions of the type (1). If the measure is not unique, i.e. we work in an incomplete market with only a finite set of options traded on S, (1) should be interpreted as being valid for some explicit choice of measure. By fitting the parameters of (1) to market prices, this choice of measure effectively becomes the market measure.
